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Ice melting into saline water plays a fundamental role in the dynamics near the ice-
ocean interface in polar oceans. The physics of meltwater transport involves a non-trivial
interplay between thermodynamics at the interface, hydrodynamic transport in the bulk
and the properties of the ambient ocean. The key control parameters are the density ratio
R,, which is proportional to the ambient salinity and measures the balance between the
temperature and salinity effects on density, together with the Lewis number Le = «r/«ks,
which compares thermal and solutal diffusivities. In quiescent horizontal configurations,
increasing the salinity is known to slow down melting, with the melt rate transitioning from
subdiffusive to diffusive as R, increases. Here, we assess the role of turbulence in this
transition, using highly-resolved numerical simulations of the two-dimensional Boussinesq
equations with a slowly melting upper boundary. We analyse the non-stationary growth of
the thermal and solutal mixing layers, varying the Lewis number and the density ratio. While
meltwater transport is continuously driven by convection within the bulk, we identify a
transition from convection to diffusion close to the interface. This transition is reflected by
the formation of an interfacial boundary layer that regulates the flux of meltwater pouring
into the turbulent bulk. The boundary layer has little effect on thermal transport, but strongly
suppresses solutal transport for R, 2 10, only allowing a fraction o R;l of the input flux to
reach the bulk. Using mixing-layer diagnostics based on solutal-concentration thresholds, we
observe that the turbulent layer grows super-diffusively o 133, while the interfacial boundary
layer expands diffusively oc % but with a non-universal prefactor depending on Lewis
and density ratio. The superdiffusive growth of the mixing layer challenges the commonly
assumed picture of a fully diffusive regime at high salinity. Overall, our results indicate that
double-diffusive effects are here confined to the interface, and highlight potential limitations
of diagnostics based on fixed concentration thresholds in oceanographic applications.

1. Introduction

The melting of ice into salty water is a fundamental process that occurs in various natural
environments, controlling the fate of polar ice shelves, sea ice, and glacial meltwater
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plumes (Hewitt 2020; Du et al. 2024; Rosevear et al. 2025). Understanding its process is
critical for predicting sea level rise and climate feedback mechanisms, as melting affects
both local stratification and the transport of freshwater into the ocean (Jenkins 1999).
Recent studies have emphasised the sensitivity of melting rates to thermodynamics at the
interface (Keitzl et al. 2016), examined fluid instabilities caused by basal diffusion (Berhanu
et al. 2021; Cohen et al. 2020), explored the role of turbulent mixing in influencing the
properties of near-ice water (Couston 2024), and investigated the asymmetries between
melting and freezing within convective systems (Yang et al. 2025).

The recent numerical studies by Xue et al. (2024) and Guo & Yang (2025), employing
phase-field methods, suggest that in the absence of external flow, the interface dynamics is
controlled by the density ratio R,, a non-dimensional number later defined in Eq. (2.6), which
is proportional to ambient ocean salinity and reflects the balance between the temperature
and salinity effects on density. Over relatively fresh ambient water (small R,), mixing is
dominated by thermal convection, and ice melts relatively rapidly in time, following a sub-
diffusive scaling oc =" with the exponent r < 0.2. Over relatively salty ambient water (large
R,), the system instead develops a strongly stratified, diffusion-dominated regime, with the
melt rate exhibiting a diffusive scaling oc 703, as also reported by Middleton et al. (2021).

Here, we revisit the turbulence generated by a block of freshwater ice immersed in initially
quiescent, warm, salty ocean water. In Xue et al. (2024) and Guo & Yang (2025), the physics
of the melting interface is treated in considerable detail, making nonlinear effects away from
the interface difficult to isolate. Our setting explores the opposite limit: a simplified modeling
of the interface, allowing nonlinear effects away from it to be more clearly assessed. Our
study focuses on the early-time growth of the mixing layer (i.e., while unaffected by the
bottom boundary) and its connection to the melt rate at the ice—ocean interface. We use
high-resolution numerical simulations of the Boussinesq system under a linearised equation
of state, inside a vertically bounded and horizontally periodic two-dimensional domain—
supplemented by a slowly melting condition at the top boundary. We investigate how the
Lewis number (the ratio of thermal to saline diffusivity) and the density ratio impact the
dynamics.

In our configuration, a convective mixing layer develops, which grows super-diffusively
oc 1133 and self-similarly in time. The growth rate is largely universal, as it does not depend
on double diffusive effects, which are absent in the bulk, nor on the melt rate at the top
boundary. Over sufficiently saline environments, we recover the formation of a meltwater
boundary layer, which produces a diffusive regime of melting. The interfacial layer does not
suppress the turbulence inside the convective mixing layer, nor does it significantly modify
its statistics. However, it regulates the amount of meltwater poured into the bulk: we find that
the ratio between the convective and diffusive contributions to the solutal fluxes decreases at
arate o< (LeR,)” !, depending both on the Lewis and the density ratio. Because of its relative
simplicity, our setting allows for some theoretical understanding of the meltwater transport,
from the diffusive to the convective stages.

The paper is organized as follows: §2 describes the physical and numerical setup, §3
presents the main results, contrasting interface and bulk dynamics and discussing mixing
length definitions. Finally in §4, we share some concluding remarks. Additional technical
details related to numerical setups and theoretical arguments are described in Appendix.

2. Numerical set-up

We consider the flow illustrated in Fig. 1, which is initially quiescent. The domain is two-
dimensional (2D), with horizontal extent L, and depth L, = L,. The initial salinity S
is uniform and equal to the far-field value S, while the temperature 7 has a step-profile
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Figure 1: Initial configuration Table 1: Physical parameters

characterized by a temperature jump AT = T, — T,,(S~). This represents the difference
between the far-field temperature 7., and the melting temperature 7, (Sw) = Tr,0 + A1Sc0-
We later work with non-dimensional variables for temperature and salinity, defined as

0 = I-To and o = S =S
AT AS
Br (2.1)
where AT :=To — T,(Sx), AS:= B—AT.
s

Here, AS is the salinity variation required to compensate the density change caused by AT,
according to the linearised equation of state

p =po[l-pBrT +pBsS], 2.2)

which we adopt here for simplicity. We model the fluid dynamics with the two-dimensional
incompressible Navier-Stokes equations under the Boussinesq approximation.

Defining the horizontal length Ly, the velocity Uy := /2gB7ATL,, and the time 7y =
L, /Uy, as characteristic scales, the equations of motion take the dimensionless form

9_
6,u+(u-V)u+Vp:Re_lAu+ez 20—, V-u=0,

8,0+ (u-V)0 = Re™' Pr1A6, (2.3)
S0+ u-VYo=Re ' PritLe Ao,

with non-dimensional parameters

Re =

UL« (Reynolds), Pr = — (Prandtl) and Le = L (Lewis).  (2.4)
v KT Ks

The Prandtl and the Lewis numbers represent the ratio of viscosity to thermal diffusivity and
thermal to salt diffusivity, respectively.

The boundary conditions represent a (no-slip) melting ice—ocean interface at the top
coupled to a far-field quiescent state at the bottom, similar to Couston (2024). At the
top boundary, the temperature 6 is set equal to the local melting temperature, which
depends linearly on salinity. This condition is supplemented by a balance between heat
and haline fluxes, which determine the melt rate following the widely adopted Stefan
condition (Middleton et al. 2021; Vreugdenhil & Taylor 2019; Gayen et al. 2016). The
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conditions read in dimensionless form

_ 00 = LeSt0,0
(o +Ryp) (2.5)

z=-1 (farfield): 6=0 and o =0,

z=0 (melting): 8§ =-1-vy;0 and

with
_ Soo . . _ ﬁT . . _ Cp
R, = — (density ratio), y; = —A1—— (freezing coupling), St = —AT (Stefan). (2.6)
AS Bs Ly

The density ratio R, quantifies the balance between the stabilising effect of the far-
field salinity and the destabilising temperature difference. The parameter y; represents
a freezing coeflicient coupling temperature and salt at the meting interface; the Stefan
number St characterises the relative importance of specific and latent heat, based on the
initial temperature jump at the interface. These boundary conditions are approximations
that hold true only when the melting rate is slow. Essentially, they substitute the mass flux
resulting from the phase change with a diffusive flux, introducing a Lewis dependence in
Eq. (2.5). This approach serves as an alternative to directly solving the Stefan problem, which,
strictly speaking, requires explicit treatment of a moving interface—see, e.g., (Huppert
1990; Wettlaufer 2001). While phase-field methods can be employed to this end, they
prove computationally expensive for small melting rates, which produce a large time-scale
separation between the dynamics of phase change and that of the fluid (Favier et al. 2019;
Gastine & Favier 2025).

Our numerical setup employs direct numerical simulations using the finite-volume code
Oceananigans (Ramadhan et al. 2020). The computational domain is discretised on a grid
of 81922 collocation points, uniform in the horizontal direction and refined vertically near
the top interface. For this resolution, the spectra of the scalar fields exhibits a clear decay
at high wavenumbers (not shown), indicating that the smallest dynamically active scales are
adequately resolved by the numerical grid. Since Oceananigans operates with dimensional
variables, all governing parameters are prescribed in physical units, for consistency with
realistic seawater properties (Couston 2024; Allende et al. 2024). They are summarised in
Table 1, and prescribe the free-fall velocity and time units as Uy = 0.098 m/s and 1y =~ 64s,
respectively.

In all the simulations, we set AT = 2K. To explicity satisfy the boundary conditions
(2.5), we regularise the initial temperature jump by introducing a smooth temperature profile
controlled by the (small) parameter 6 <« L,—see Fig.1. The parameter ¢ sets the initial
gradient o« AT /8, and offsets it down from the upper boundary, at a depth o ¢§. This
smoothing ensures that the temperature gradient vanishes at the top boundary, hence fulfilling
the boundary condition (2.5) imposed by the uniform salinity profile. To trigger the instability,
the initial temperature profile of Fig. 1 is perturbed by a random noise of small amplitude—
see Appendix A for additional details. Our series of simulations vary the Lewis number
from 1 to 100, keeping the thermal diffusivity constant. The density ratio R, varies from 1
to 406, tracking modifications in S.,. The parameters in Table 1 additionally prescribe the
non-dimensional values: Pr = 1, St = 2.4 x 1072 and y; = 2.8 x 1073, representative of
polar ice—ocean conditions, though slightly idealised for numerical efficiency—in particular
Pr = 0(10) in seawater. Additional simulations at Pr = 7 (not shown) display similar flow
behaviours.

From an oceanographic perspective, please note that R, = O(10) corresponds to weakly
saline conditions (S., ~ 1g/kg), which are representative of near-surface environments
influenced by strong freshwater inputs. By contrast, values R, 2> 300 corresponds to typical
open-ocean salinities So, = 30g/kg encountered in polar oceans (Peralta-Ferriz & Woodgate
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Figure 2: Typical evolution of the temperature (left) and salinity fields (right) for a
simulation with Le = 100 and R, = 406.

2015). For these values, the linearised equation of state (2.2) predicts that the density
decreases monotonically with the temperature and this is consistent with the observations—
see, e.g., (Millero 2010; Talley 2011). While the linearised equation of state is less accurate
at lower salinities, it still provides a well-defined hydrodynamical framework, allowing for
a systematic investigation of nonlinear melting dynamics and their sensitivity to key control
parameters. In the present study, we therefore deliberately adopt a linear equation of state to
retain a tractable framework and isolate the dominant physical mechanisms. The effects of a
nonlinear equation of state, including the freshwater density anomaly, have been investigated
in recent studies (e.g. Yang et al. (2023); Xu et al. (2025)) and are beyond the scope of the
present work.

3. Results

In all simulations, the fluid evolves through three main phases. This is illustrated in Fig. 2,
showing representative temperature and salinity snapshots. The system initially develops
a Rayleigh—Taylor-like instability, which arises from the initially unstable buoyancy jump
away from the interface (Drazin & Reid 2004; Boffetta & Mazzino 2017). This is followed
by the interaction of the flow with the upper boundary and the onset of melting. Eventually,
a mixing layer develops near the upper boundary and gradually deepens, with cold and fresh
plumes extending downward into the domain. Note that contrary to previous studies with
similar configurations (Guo & Yang 2025), we here focus on the transient dynamics before
the turbulent layer reaches the bottom of the numerical domain and will not comment on the
subsequent stationary (or quasi-stationary) states. Varying Le and R, the main difference
is seen not in the bulk but at the melting interface. Increasing R, the top interfacial layer
of fresh water gets thicker, as seen from the horizontally-averaged salinity profiles in Fig. 3.
No obvious difference is seen for the temperature, neither in the bulk nor at the interface.
These observations suggests the following phenomenology: Salty environments favour strong
stratification between the relatively fresh meltwater layer and the ambient ocean leading to a
stable diffusive layer, while low density ratios favour mixing close to the upper interface.
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Figure 3: Left: Temporal evolution of the horizontally-averaged salinity profile for
Le = 100 and R, = 406. Right: Same but for for Le = 100 and R, = 1.

3.1. Fluxes and temperature at the top interface
To quantify the melt-rate, we introduce the Nusselt number,

Nu =-{0,0),_, (3.1)

with (-) denoting horizontal averaging. Analogous to Rayleigh-Bénard (RB) convection,
the Nusselt number measures the thermal flux at the top boundary in units of the average
temperature gradient AT/ L ,—recall that L, = 1 in our length units. It is directly proportional
to the melt rate, Nu oc Le St 0,6|,_,. With the conventional minus sign in (3.1), the regime
Nu > 0 reflects melting (this is the case under study) while Nu < 0 would indicate freezing.
Unlike RB convection, Nu decays over time. Its algebraic rate of decay exhibits two distinct
asymptotic regimes, highlighting a strong dependence on the density ratio R, and only a
weak dependence on Le—see Fig. 4. In fresh environments, i.e, for small values of R, < 10,
the Nusselt number decays only mildly as Nu ~ C ft—o.z’ where both the exponent and the
prefactor are insensitive to the Lewis number. In salty environments, i.e, for large values
of R, 2 10, we observe a diffusive scaling Nu ~ Cst~%3, with the prefactor following the
apparent scaling law C; ~ LeaRg. Our simulations indicate a =~ 0.1 and b ~ —0.3, meaning
that the Lewis and density ratio have opposite effects, respectively enhancing and slowing
melting in this apparent diffusive regime.

The salinity at the boundary modifies the freezing temperature at the interface. Fig. 5
shows the evolution with time of the excess temperature (i.e., above the freezing temperature
based on the far-field salinity)

90 =1+ <9>x,z=0 = —=Y100, (32)

where 0 = (07) . ,-o. The second equality indicates that 6 is proportional to the horizontally
averaged fluctuation in salinity—see Eq.(2.5). Positive fluctations 6y > 0 are associated with
fresh water at the interface, oy < 0. Unlike the Nusselt number, no clear dichotomy emerges.
In all the simulations, the top temperature quickly reaches a quasi-stationary value, yielding
the scaling behavior 6y « LeO'SRp. Theoretically, this scaling reflects a diffusive dynamics
near the melting boundary—see Appendix B. It is consistent with the intuitive idea that
saltier ambient water favors a comparatively fresher interfacial boundary layer near the top
interface.

3.2. Meltwater transport: from diffusion to convection

Our setup employs a regularization that offsets the initial temperature jump between the ice
and the underlying bulk fluid by a depth 6 < 1. This triggers a classical Rayleigh—Taylor
turbulent mixing layer. Without an upper boundary, the layer would grow quadratically
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Figure 4: Time evolution of the Nusselt number Nu, varying R,, for fixed Le (top) and Le
for fixed R, (bottom). In all four panels, the insets display the prefactors Cy, Cr (see text)
averaging over times 7 > 10.

L(t) ~ t> under a critical balance between buoyancy and nonlinear terms—this is the
self-similar Bolgiano—Obukhov scenario (Chertkov 2003; Boffetta & Mazzino 2017). The
interaction with the top interface, however, disrupts this classical regime by creating a
(meltwater) boundary layer that couples the melting interface to the turbulent mixing layer.
To characterise the exchange between the boundary layer and the turbulent layer, we examine
the vertical fluxes of temperature and salinity. After horizontal averaging, each flux can be
decomposed into convective and diffusive contributions as

by =05 + 0L, 60 =(yuz)y, ¢l =-A'Prr'Re™' (0.x), x=6.0 (3.3)

with 19 = 1 and A, = Le. Figure 6 illustrates the generic behaviour using the most saline
environment R, = 406 at Le = 100, highlighting two propagation rates. At any time during
the growth, the convective fluxes ¢¢,, ¢¢. fluctuate in z about a nearly constant value before
dropping sharply. These drops become synchronised from ¢ > 2, defining the extent of
the convective mixing layer. The layer propagates superdiffusively and reaches the bottom
interface at ¢ ~ 27 as

L(t)=Ct#, C~0015 B=~133. (3.4)

The diffusive contributions ¢<, ¢‘fr evolve on slower timescales, following the (diffusive)
scalings

5y (1) = Ay PRV V2 26,0 (3.5)
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Figure 5: Time evolution of the excess temperature y, varying R, at fixed Le (top) and
Le at fixed R, (bottom). In all four panels, the insets display the dependence on either R,
or Le averaging over times ¢ > 10.

see Appendix A. In Fig. 6, this differential propagation is signaled by the collapse of the
convective and diffusive fluxes shown in the panels c,d,e and f. These collapses are obtained
by rescaling lengths with the superdiffusive scaling (3.4) and the diffusive scaling (3.5),
respectively. At each time, the crossovers between diffusive and convective contributions
define the effective boundary layer thicknesses o dg, 0, for the solutal and thermal field,
respectively. Within this layer, the transport of meltwater is diffusive and hence sensitive to
double-diffusive effects. Below this layer, solutal and thermal transport is convective, but in
a non-trivial way. While this convection originates from the nonlinear stages of the initial
RT instability, it does not propagate following the critical-balance scaling o 2. Instead, the
superdiffusive rate (3.4) reflects the presence of a boundary at z = 0.

3.3. Constant-in-space heat flux scenario for the superdiffusive growth o t*/3

The collapse in Fig. 6 with the superdiffusive rates (3.4) suggests a constant-flux propagation
scenario through the domain. This can arise if the convective thermal and solutal fluxes
evolve self-similarly as

el
L(1)

involving similarity flux profiles @4, ®,. The exponent a prescribes the decay rate o
(|z]/L)~¢ of the convective flux across the mixing layer. For example, setting @ = 0 gives
a scenario where the convective fluxes are approximately uniform across the mixing layer.
Regardless of the exponent, the horizontally averaged fields must also be self-similar within

¢;(z, 1)~ LD, ( ) + fluctuations, x =6, 0, (3.6)



Temperature Salinity

time

time

107 (c)
102 0T g 10! 102
|21/30

1072 101

10—3

10~

S

10-°

10—

107 == 53 102 0T 100 107 5= 53 102 0T 100

|21/ L

|2/ L
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the mixing layer,

(0) (z,1) ~L7"O© (ﬂ) + fluctuations, (o) (z,1) ~ L% (%

+ fluctuations,
L(1) )

(3.7)

for some exponent x > 0. This form implies the algebraic behavior « (|z|/L)™* far away
from the front but within the mixing layer, i.e. 69,0, < |z] < L—see, e.g., (Barenblatt
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R, = 406. Left: Temperature, with the exponents @ = 0,x = 0.25. Right: Salinity with the
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1996; Campolina et al. 2025). In turn, this prescribes the behaviors for the similarity profiles
Q) ~ ™" Zm), ) ~Inl™" Inl < 1. 3.8)

Assuming an algebraic growth L o 7, the dimensional balance between the transport terms
0, ¢y and 9y (0) prescribes that the three exponents 3, x, a satisfy

B(l+a-x)=1 3.9)
Provided that x < 1, then the temperature field evolves as
0 (PrRe) " 'Nu(r)

d
— dz 0(z,t) = 1 ; 3.10
S PRV [ etmansies 10
0

dt J_o

where the first and second lines in the rhs are obtained from the boundary flux and from the
self-similar scaling, respectively.

Combined with the growth exponent 8 = 1.33 from Eq. (3.4), the compatibility Eq. (3.9)
prescribes in particular x — @ ~ 0.25 leaving only one exponent to be determined, say «@. In
turn, Eq. (3.10) relates the exponent « to the decay of Nusselt. The Nusselt decay Nu o 192
reported in Fig. 4 suggest o8 ~ 0.2, implying @ ~ 0.15 and x ~ 0.4. This scenario prescribes
that the heat flux decreases with depth across the mixing layer ¢, o |z]7%-13. On the other
hand, Fig. 4 could possibly reflect constant behaviour Nu o t"—only polluted by finite-size
effects. This constant-flux scenario implies @ = 0 and x = 0.25. Both scenarios can be
examined directly. To compute the universal profiles ®, @y, etc, we suppress the fluctuations
in Eq. (3.6) by first rescaling z — z/L(¢), multiplying by the suitable power of L and then
temporally averaging. The results are shown in Fig. 7. Inspection of the thermal flux supports
the exponent @ = 0, corresponding to an approximately constant flux across the domain
and implying the scaling =% for thermal layer away from the front. The solutal layer is
rather characterised by the exponents @ ~ 0.15 and x ~ 0.4. The difference between thermal
and solutal similarity may reflect the asymmetric roles of temperature and salinity, which
respectively provide destabilising and stabilising contributions to the initial density profile.



11

Le=1 Le =100
7 v
100 = Ba=1 : 10°
o R,=10
o R,=101
o R,=203
R, =106 Ctl3 o
L)
V4
=10 P =10
reh
. //,: .
V4
1072

107% 0 101

—

Figure 8: Left: Time evolution of the thermal (0) and solutal (x) mixing lengths at Le = 1
for various density ratios. The vertical dashed line marks the time at which the fronts
reach the bottom boundary. Right: Same but for Le = 100.

3.4. Universality of the convective regime

The convective regime is largely insensitive to variations of the density ratio and the Lewis
number. To provide a systematic estimate of the convective mixing layer, we compute L(¢)
by thresholding the heat flux at a small cutoff value € = 10~!2, explicitly defining

L(t) = sup {|z, ¢o(t) > 107"} . (3.11)

Figure 8 gathers the data, revealing the universality of the superdiffusive rate (3.4) across the
range of Le and R,, investigated. This universality is compatible with the similarity scenario
sketched in § 3.3: the mixing layer growth is driven by a constant-flux similarity solution,
associated to the inviscid dynamics within the bulk. The latter is obtained by formally
setting Re — oo in (2.3). This scenario explains why the constant Cy measured in Fig. 4 is
independent both from Le and R,,.

Double-diffusive effects are present only close to the upper interface. They regulate the
exchanges between the boundary meltwater layer and the turbulent mixing layer. We quantify
these exchanges through the efficiency ratios

¢ (n =0.
()= l’\’/d(n—OS)l, x =6,0, (3.12)
|6y (2 =0)]
estimating the relative strength of the convective flux—estimated halfway towards the front—
compared with the diffusive flux at the interface. Figure 9 shows the result at a time 7 = 10,
when the turbulent layer is developed but occupies only 1/5 of the box—still far from the
bottom boundary. For the thermal fluxes, the efficiency ratio ~ 1.8 is largely independent of
the density ratio and Lewis number. A transition at R, < 10 between relatively saline and
relatively fresh environments is apparent for the solutal efficiency. For a fixed Lewis, the
solutal efficienty varies midly in the fresh case, R, < 10, and decreases algebraically o R;l
in the salty case, R, 2 10. This transition is compatible with that observed in Fig. 4 for the
time evolution of the Nusselt number, marking the onset of the regime of diffusive decay
Nu oc 1793 and the formation of the (fresh) diffusive boundary layer near the top interface.
This layer does not impact the statistics of turbulent mixing within the bulk, but regulates
the amount of salt deficit injected into it. The efficiency decreases with Lewis; Asymptotic
estimates relying on the diffusive nature of the boundary layer dynamics predict oc Le ™! R;,l .
Such estimates are obtained from the diffusive phenomenology described in Appendix B—
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in particular the gradient estimate (B 3) 8,0 o opLe'/?/+/f and the scaling estimate (B 5)
oo RpLe]/ 2 This scaling law is shown in Fig. 9 and is compatible with our observations.
It implies that only a small fraction « Le‘lR;1 of the input solutal flux permeates through
the interfacial layer to reach the convective layer.

3.5. Comments on mixing lengths

Athigh R,,, the physics involves an interplay between turbulent and diffusive flows, making the
interpretation of mixing lengths strongly dependent on their practical evaluation. The mixing
length L(z) used in the previous section tracks the turbulent front, and is hence unaffected
by the fresh boundary layer. It emphasises the role of thermally-induced convection and is
largely independent of Le and double-diffusive effects within the bulk.

Among various options, the temperature and salinity mixing layers could be defined
from different threshold values on the scalar fields themselves, as illustrated in Fig. 10.
We observe that the temperature mixing layer exhibits the universal super-diffusive growth
Ct'-33 prescribed by Eq. (3.4) regardless of the selected threshold. In contrast, the solutal
mixing layer exhibits a strong dependence on the chosen threshold. For small thresholds,
the definition captures the turbulent front, and the growth remains as Ct!-33, Increasing the
threshold, the mixing length captures the near-interfacial dynamics, driven by the fresh,
stably stratified meltwater layer. In this case, the solutal mixing length grows diffusively as
Lo ~ Dot'72, with a prefactor D, that depends on the threshold value.

These results highlight the sensitivity of mixing diagnostics to their precise definition.
Here, different thresholds probe distinct physical processes, from turbulent transport in the
bulk to diffusion-dominated dynamics near the interface. This sensitivity suggests potential
caveats in more complex oceanographic settings, where mixed-layer depths are commonly
defined using scalar threshold-based criteria (de Boyer Montégut 2024; Allende et al. 2023).

4. Concluding remarks

We have examined the melt-driven convection beneath an ice—ocean interface. Consistent
with previous studies (Xue et al. 2024), our setting exhibits a subdiffusive-dominated regime
~0-2 at small R,, and a diffusion-dominated regime oc 10> at large R,, in the regulation of
the thermal flux at the upper boundary. However, we find that the diffusive dynamics remain

oct
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Figure 10: Temporal evolution of the mixing length evaluated at Le = 100 and R,, = 406
using different thresholds. Left: Thermal mixing length. Left: solutal mixing length.

confined only to a thin interfacial layer, with the bulk flow evolving through a (turbulent)
convective thermal layer. Regardless of the near-interface regime, the front of the turbulent
layer grows super-diffusively as L o r*/3 for all R, and Le. This scaling differs from the
t* growth associated with Rayleigh-Taylor convection (Chertkov 2003; Boffetta & Mazzino
2017), reflecting the presence of a rigid lid at the top boundary. The melting boundary
condition controls the solutal flux in the convective mixing layer. In particular, for large
density ratios, only a fraction o Rp‘1 of the meltwater input flux contributes to the solutal
convective flux in the bulk.

While strongly idealised, our setting showcases a non-trivial interplay between a diffusive
meltwater boundary layer and a convective interior. The interfacial layer is governed by
double-diffusive effects, while turbulent transport drives the bulk. The simplicity of the
setting, which represents meltwater input as a nonlinear boundary condition without explicitly
resolving phase transitions, allows to decipher the governing scaling laws. In short, the physics
related to the interfacial boundary layer exhibits strong dependence on Le and R,,, while
that related to convective effects is largely universal. Our simulations suggest a constant-
flux scenario across the turbulent mixing layer, implying in particular that the subdiffusive
evolution of Nusselt at the boundary o =02 is a finite-Reynolds effect, likely reflective of an
asymptotic regime characterised by a constant-Nusselt meltwater input.

Several questions remain relating to the detailed phenomenology of the flow and its depen-
dence upon key physical parameters (dimensionality, initial stratifications, non-stationarity).
Achieving a detailed phenomenology of melting-driven turbulence, in the spirit of the work
of Chertkov (2003) on Rayleigh-Taylor turbulence constitutes a natural theoretical extension
of the present work. Another issue relates to the flow universality, as the sharp interfacial
gradient at the top interface makes the initial configuration effectively singular, with potential
implications for its statistical predictability—see, e.g. (Biferale et al. 2018; Thalabard et al.
2020). To control the regularisation of the initial singularity, we chose to initiate melting
through a thermal Rayleigh—Taylor instability slightly offset from the interface. This physical
regularisation enables the boundary conditions to be explicitly enforced at early times,
and triggers the convective turbulent layer. While no dependence on § — 0, was found, it
remains unclear whether such turbulent generation is universal across different regularisation
schemes—in particular implementations relying on implicit regularisations only through
numerical discretisation.
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Appendix A. Details on the numerical protocol

This section provides additional information regarding our numerical protocol, detailing the
initial conditions and the role of § as a smoothing numerical parameter.

A.1l. Initial conditions

The initial salinity field is taken to be spatially uniform, S;(x, z) = S. This choice prescribes
both the interfacial temperature at the ice—water boundary through the freezing-point relation
and the far-field temperature as, respectively,

Tiop = Tn(Swo) := T + A1 Seo, Too = Tiop + AT. (A1)
In order to avoid an abrupt numerical adjustment at the interface, we smooth out the
temperature jump over a thin vertical layer of thickness ¢. Specifically, we define zg = —20,

h = §/4 to construct the (unperturbed) background temperature profile as

(A2)

which interpolates between T;(—0) = T, and 7;(0) = (Towe ™10 + Typ) /(€710 + 1) = Ty .
This temperature field has a vanishing gradient at the top interface and therefore satisfies
the boundary condition (2.5) with the constant field S;(x,z) = Se. To seed instabilities,
the temperature field is perturbed by small-amplitude Gaussian random noise, drawn
independently and everywhere in space as

T (x,2) = Ti(2) + Ven(x,2)  n(x,2) ~ N(0,1).
In our simulations, we typically set € = 1071 and 6 = 0.05 L,.

A.2. Numerical implementation of the boundary conditions

At the ice—ocean interface, the dimensional version of the melting boundary conditions (2.5)
involve the top salinity Sy, = S(z = 0) and the temperature T, = 7(z = 0), together with
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their derivatives as

S . St aT
5. e Siop AT 37 (flux balance),

(A3)
where we recall that Le, St and AT denote the Lewis number, the Stefan number and the
temperature jump, respectively. The melting point Ty (S) = Tro+ S is a function of salinity
with the empirical coefficients 11 = —5.73 X 1072 K/(g/kg), and T o = 273.15K.

To enforce the boundary condition A3 in our numerics, we discretise it with finite-
difference scheme in order to prescribe at each time step a value for Tiop and Siop as a
function of 7 and S;—representing the temperature and salinity at gridpoints z = —Az.
Substituting the flux balance into the melting condition yields a quadratic equation for the
interfacial temperature:

Tiop = T (Stop) (melting point)  and

1 AT
b(T1,S81) :=T1 + —— +Txp,

Le St
2 _ .
Tiop + bTigp — ¢ =0, with Tsy IAT/IS+T~ L | AT (A4)
e P R R Y
The physically relevant root is the one prescribing the positive interfacial temperature
—b + Vb2 +4c
Top=——F— (A5)
which in turn prescribes the interfacial salinity
Tiop — Tt
Sop = — (A6)
1

Appendix B. Diffusive dynamics near the boundary
In our setting, the melting boundary at the top requires vanishing normal flow. The dynamics
of the temperature and the salinity therefore reduce to the diffusive dynamics

80 =Re " Pro'A8, 8,0 =Re ' Prl Le7'A, (B 1)

Figure 5 suggests that at # £ 5, both the temperature and the salinity reach interfacial values
that only slowly vary in time. Treating those values as stationary with respect to diffusive
processes and averaging over x yields explicit solution in terms of the interfacial values:

(0), = (6p — 1) erfc (%) , (o), =operfc (?) , B2)

[oa
where 8¢ (1) := Re™'2Pr=1/2¢1/2 and 6, (1) := Le~'?54. We use the complementary
error function erfc(z) = % /z ® e /24y and recall the shorthand 00 = (0)y..=0 and

6o = (), -0 + 1— denoting the excess temperature. Equation (B 2) provides the gradient
estimates at the interface as

2 9()—1 9 < > | 2 (o))
—_——, o 0= —=""-
VI g T RSy

Substituting those estimates into the melting condition in Eq. (2.5) yields

0 (0) 4]0 = (B3)

0o = —y100, 00 =—(00+R,) Le'? St (y1o09 +1). (B 4)
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For small solutal perturbations such that oy < R, and 0y < yl_l, this yields the scaling
estimate

0o = —y100 ~ StLe'’R, (B5)

This is compatible with the scaling O(Le'/?>R),) observed in Fig. 5.
Combined with Eq. (B 3), this yields the following (diffusive) estimate for the Nusselt
number
Nu=Co 2, C, = -2 (RePr)'2 (1 - Lel/zStRp) . (B6)
=
The estimate support the dispersive nature of the diffusive constant Cy, with respect to the
Lewis number Le and the density ratio R, seen in Fig. 4. Quantitatively, it does capture
the decrease of Cs with R, observed in panels (a,b) of Fig. 4. It however fails to reflect the
small increase with Le at high R,,, and does not yield the specific scaling exponents in the
transitional region between diffusive and convective regimes. Capturing this effect would
require a refined asymptotic analysis involving higher-order corrections.
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